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1,  Sunmiar7>   I^^  linear  models  with  several  observations 
per  cell,  a  class  of  estimates  of  all  contrasts  are  defined 
in  terms  of  rank  test  statistics  such  as  the  Wilcozon  or 
normal  scores  statistic,  which  extend  the  results  of  Hodges 

and  Lehmann  (1963)  and  Lehmann  (I963).  The  asymptotic  efficiency 
of  these  estimates  relative  to  the  standard  least  squares 
estimates-,  as  the  number  of  observations  in  each  cell  gets  large, 
is  shovm  to  be  the  same  as  the  Pitman  efficiency  of  the  rank 
tests  on  v>fhich  they  are  based  to  the  corresponding  t-tests, 

2,  A  Class  of  Estimates  of  Contrasts.  Let  the  observable 
random  variables  be  X.  ,   and  suppose  they  are  of  the  form 

(2.1)       X^^  =  4^  +  U^^  (a=l,...,m^;i=l,...,c) 

where  the  variables  U.    are  independently  distributed  with 
common  distribution  F  having  density  f,   and  the   ^'s   are 
unknoi^m  constants*   Denote  by  X.   the  vector   (^^n*  •  •  •  »-^im.  ^ 
and  suppose  that  the  Hodges -Lehmann  statistic  h   L(3»l)  of 
[I4.]]  is  calculated  for  every  pair  of  samples,  there  being 
c(c-l)/2  pairs  in  all,  Ue  shall  urite   h.  .(X.,X.)   for  the 
value  obtained  from  the  ith  and  jth  samples   (i, j=l, . . « , c; if j ) . 
Thus  we  have 


(2.2)  ^ij^^i'^j^  ^7^^^ 


U=J. 


(Sj,) 
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and  which,  sometimes,  we  shall  write  as 

(2.3)  h.^(X,,X.)  =^  J(:n,fm.)tVK^j)] 

where   S^  <  ..»  <  S    denote  the  ranks  of  X.,  ,...,X. 

1  m^.  ji      :}m. 

in  the  combined  ith  and  jth  samples   (X.t,...,X.   :X.,  ,...,X.   ), 

"^      ^       il'    '  im.   jl'    '  jm .  ' 

/-,  \  (m.+m.)  "^ 

V<..4<V   ■"■   -^    denote  an  ordered  sample  of  size   (m.+m.) 

from  a  distribution   \j(,   and  v-;here   J/   ,   \rK/(m.+m.)l   are 

^ '  (m.  +m . ;  ^    1   ]  --' 

some  constants   (K=l, , . «,m. +m  . ) « 

V'e  shall  omit  the  subscript   ij   from  h.  .   vmenever 
this  causes  no  confusion  and  wherever  it  is  conveniently 
possible,  we  shall  adopt  the  similar  notations  as  were  used  in 
Hodges-Lehmann  (1963)  and  Lehmann  (1963)* 
Let 


(2.1;) 


A  .  .  =  sup  iZ\.  .:h(X.,X.  -A.  .)  >  nf 
Zi.j  =  inf^.j:h(X,,X.  -Aij)  <^x| 


where  \i      is  the  point  of  symmetry  of  the  distribution  of 
h(X.,X  )   \Nrhen  ^.  ^  =  0   i.eo  when  C.  =  ?..   It  was  shown 

in  [I4.]  that  the  estimate  A.,   =    {A   .  .  +  A  .  .)/2   of 

4 .  -  '5  >  has  more  robust  efficiency  than  the  classical  estimate 

m. 

^ij  "  ^i.  •  ^j.'  ''^^''^      ^i.  =  ^   ^ia/"^i' 


1  ti-'     I 

a=± 


^X^'C•^/      J.!.;;,  -r;       -iV. 


0--:  b{i$ 


■<\ 


/■'■' 


..vraifiJ 


f. 


.:-;,^'=vtflH 


:..:i*<? 


lo 


er'^    -;;./:.:! 


.3    ^Q^lCC-i    01' 


r 


J=X' 


*-.t 


:i  » 


A 

Since  the  estimates  Z^.  .   are  incompatible  in  the  sense 
that  they  do  not  satisfy  the  linear  relations  satisfied  by  the 
differences  they  estimate  [see  Lehmann  [5,6]],  Lehraann  proposed 
the  adjusted  estimates  Z. .   of  the  type 

(2-5)  Zij=Ai.  -Aj, 

where 

/\  C    A 

(2.6) 


Ai.  =Z:AijA 


Then  for  any  contrast  ^   c.C-   with  >   c.  =  0, 
which  can  also  be  written  in  the  form 

c    c 


(2.7)       e  =ZI5Z  ^ii^^i-^i^ 

i=l  j=l   ^J  ^      '^ 


the  estimate 

^    c    c  c    c 

(2.8)  9  =  T 


i=l  j=I  ^-^  ^-J    i=l  j=l   ^J    ^      -^ 


is  proposed. 


3»   Asymptotic  Distribution  and  Efficiency.   In  our 
subsequent  analysis  vje  shall  be  interested  in  finding  the 
asymptotic  behavior  of  the  estimate   9   of  a  contrast   9 
given  by  (2,8)  and  (2.7),  relative  to  the  classical  least 
squares  estimate  of   9.   To  this  end,  l^;e  need  to  obtain  the 
asymptotic  distribution  of  the  adjusted  estimates   Z...   This 
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is  given  by  the  followinp  theorem,  v;here  the  sample  sizes 


m.   are  assumed  to  tend  to  infinity  in  such  a  vjay  that 


m 


.  =  iO. 'N,  W  ->  00  and   i=l,...,c. 


Theorem  3ol« 


(i)  The  joint  distribution  of   (V, ,..a,V  _^ )   where 


(3.1) 


1 


K.  -  <«i  -  «c' 


is  asymptotically  normal  with  zero  mean  and  covariance  matrix 


2/^2 


(3-2) 


Var(V^)  =  (l/^^  +  1/^^)aVB' 


Cov(V.,V.)  =  k^/ii     'B^) 
1   J         c 


where 
(3.3) 

(3.1;) 


A^  =  /'   J^(x)dx  -(  /^  J(x)dx)   ,   J=ii/'-'- 
Jo  \'o  J 

B  =  /  j'  [F(x)]f^(x)dx 


Here  the  density  f  of  F  is  assumed  to  satisfy  the  regularity 
conditions  of  Lemma  7*2  of  [Gj  . 
(ii)  For  any   i   and   j 

A/2  A   .,m1/2 
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where  -^  indicates  that  the  difference  of  the  two  sides  tend  to 
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zero  in  probability. 

(iii)  The  difference  Yi^^'^iZ.,    -   Ai  •  ^   tends  to  zero  in 
probability  for  all   i,j> 

The  proof  of  (i)  rests  on  the  following  lemraa. 


Leinma  1.   Suppose  that  the  variables  X.    have  the 
distribution  specified  in  connection  with  (2.1)  v.'ith  fixed 


F  but  a  sequence  of  means   (^  ,,.,,;!  )  =  {^\      ,  <> » .  ,^        ) 


(II) 
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satisfying 
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Let      h.  .(X.,X.)      be   defined  as    in    (2.2)   v/ith      i{/     satisfying 
the   assumptions   of   Theorem  1   of    [l]  ,    then   the   variables 
("u'^,...,\J^_^)      given  by 


(3.7) 


W^   =  N 


1/2 


h.    /m     -  u. 
ic      c        '^ic 
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have  a  joint  asymptotic  normal  distribution  as  N  ->  oo , 
v;ith  zero  mean  and  co variance  matrix 
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The  proof  of  this  lemma  is  given  in  the  appendix. 


Proof  of  Theorem  3.1.   (i)  By  9.1  of  [2], 


lim  P  iN 


1/2 


Aie  -  (q  -  ^c^ 


=  lim  P^^  JN^/2(-lh.^  -a)  <  0 


<  a.   for  all   if 
=  1 


for  all   i 


where  a  =  A  j[f  (x)]  dF  (x)   and  P^^  indicates  that  the  probability 
is  computed  for  a  sequence  of  means  satisfying  (3.6).  Further- 
more since  by  Lemma  7*2  of  QSJ 

N-^/2([j,^^  »  a)  ->  -  B.^Bp^/{p^   +/}^)   as   N  ->  00  , 
it  follows  that 

lim  PiN^/2  Aic  -  (^i  -  ^c^l  =  ^i  ^°^  ^^^   M 

=  lim  P^  ]n1/2(J,  ^,^  -  tXi,)  5  a,B^./(p,  -H  p^)      for  all   i[  . 
_      c  -J 

By  Lemma  1,  this  is  equal  to  Q,(a,  , . . .  ,a^_^)  where  Q 
is  the  (c-l)  dimensional  multivariate  normal  distribution 
with  zero  mean  and  covariance  matrix  (3»2)» 

Part  (ii)  of  the  theorem  follows  by  Lemma  2  of  Lelimann 
(1963). 
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Proof  of  Theoren  3»1«   (iii)  Follows  by  using  the  relations 

in  Zij  =  r:  (Ala  -  Aja'/<^- 

The  proof  of  the  following  theorem  exactly  parallels 
Lehmann's  argument,  see  for  example  Theorem  3  of  [6^ ,  and  is 
therefore  omitted. 

Theorem  3»2»   The  asyraptotic  efficiency  of  the  estimate 

^  c        c  c        c 

e   =  YZ  XZ  d.  .Z  of      0   =  2Z  ZI  d.  .(4.    -  ?.)      relative    to 

i=l    j=l      ^J    ^J  i-1    j-1      ^J      ^  J 

c        c 
the   estimate     5       ^       d. .(X.      -  X.    )      is 

(3.9)  e   =  aV/A^ 

P  P  P 

where   o  =  Var(X.  ),   and  where  A   and  3   are  given  by 

(3.3)  and  {3tU.)   respectively. 

In  particular,  I'/hen   J  =  S~  ,   where   ^  is  the  standard 

normal  cumulative  distribution  function  having  the  density  ^, 

(3.10)  e=o2/r'"-^4^ii^2c    ^' 

i(/-oo  ^[r  i^u)]] 

which  is  the  same  as  the  Pitman  efficiency  of  the  normal  scores 
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test  relative  to  the  t-test. 


[\.,     Appendix*   Proof  of  Lemna  1.  Let   F^  (x)   be  the  sanple 

c.d.f.  (cumulative  distribution  function)  of  m^   observations 

X.,,...,X^     of  v;hich  the  population  c.d.f.  is   F.  (x)  =  F(x-5.  )• 
il'    '  im.  ■  1  ^ 

Denote   m.   =  m.  +  m   and  X.   =  m  /m.  ;i=l, . . .  ,c-l .   Define 
ic    1    c        ic    c   ic 

H    (x)  =  \.    F      (x)  +  (1  -  A.  )F   (x).  Thus   H    (x)   is 
m.        ic  m  ic  m.  m. 

10  0  1  10 

the  combined  sample  c.d.f,  of  the  ith  and  cth  samples.   The 

combined  population  c.d.f.  of  the  ith  and  cth  samples  is 

H.  (x)  =  \.    F    (x)  +  (1  -  X.  )F.(x).   Then  [cf.  Chernoff -Savage 

10  IC  0  IC   1  ^ 

(1956 )J  v/e  can  write 
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H,^(x) 


dF  (x) 
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and  the  C-terms  are  all   o_(1//n) 
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The  difference  s/N(T.^  -  A^^'^^)  -TTKb^J^^  +  B^j^''^) 
tends  to  zero  in  probability  and  so,  by  a  well-lcnovm  theorem 
([2], p. 299)  the  vectors   (V'-,^, . . .  ,W^_^)   and  {Z^,  » , ,  ,Z^_^) 
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where   Z.  =^^(8^?^'^  +  B^},^    )      possess  the  same  limiting 

distribution.  Thus  to  prove  the  lemma  it  suffices  to  show 

cj:! 
that  for  any  real   6  .  ;  i=l,  o . » >  c-1,   not  all  zero  3> 6.Z. 

has  normal  distribution  in  the  limit,  i'low  proceeding  as  in 

[l]  or  [8],  we  find 
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dP^(y) 
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^io 


H.  (y) 
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dP^(y) 


and  X.    is  such  that  H.  (x  )  =  l/2« 
lO  lo   o 

The  above  svimmations  involve  independent  samples  of 

identically  distributed  random  variables  having  finite  first 

c-1 
two  moments.   Hence  J>_^__  6.Z.   vjhen  properly  normalized  has 

i=l  ^  ^ 
normal  distribution  in  the  limit.  The  proof  follows. 
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The   variance   of     bJ^^^    +  B^^^j*^^ 


(i;.8) 


is   given  by 
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The    covariance   matrix    (3»9)    is  obtained  by  taking  limits 
of    (i4..8)    and    {\\,^)    as     N  ->  co  . 
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